
THERMODYNAMIC MODEL OF A DENSE FLUID 

V. P. Kopyshev 

In this paper  we derive an approximate equation of state of a dense fluid in which the thermal  
p r e s su re  is completely determined by the p res su re  dependence of the volume at 0~ We 
also consider  some general izat ions (which take into account the at tractive forces  of the atoms 
and the presence  of mixtures) .  

In s tat is t ical  mechanics  the thermodynamic  quantities of a mater ia l  are expressed  in t e rms  of the 
potential of the interatomic interaction, and modern computational techniques (the Monte Car lo  method) 
make it possible to c a r r y  out the calculations to the end. 

However, calculations (quantum-mechanical) of the interatomic potential i tself are  ext remely  diffi- 
cult. The usual assumption that it does not depend on the density of the mater ia l  and reduces  to a sum of 
potentials of binary interact ions may not be applicable to dense fluids and then even exact stat ist ical  ca lcu-  
lations made on the basis of these assumptions cannot guarantee accuracy  in the descript ion of the t he rmo-  
dynamic proper t ies  of a real  fluid. 

This is why many authors p re fe r  a shor te r  route:  one postulates a cer ta in  expression with empir ical  
pa ramete r s  di rect ly  for one of the thermodynamic  functions and not for the interatomic potential.  This 
frankly empir ica l  approach is justified by a detailed descript ion of extensive experimental  mater ia l .  How- 
ever ,  if only minimal information is available (for example, if one knows only the shock adiabatic curve of 
a dense fluid), it is desirable  to have the s implest  and physically mos t  justified equation of state that makes  
it possible to es tabl ish the complete thermodynamics  of the fluid with a sa t i s fac tory  accuracy.  The p r e s -  
ent paper is devoted to this problem. 

We note f i r s t  that there are always regions of higher and lower density in a fluid because of the 
thermal  motion. One can have the ext reme case when in a cer ta in  microscopic  region the atomic nuclei 
move on the average toward the center  of the region (compression) and then away from the center  {expan- 
sion), i .e. ,  at a cer ta in  instant the mat te r  is in a cold state in the microscopic  region because the nuclei in 
the region are  instantaneously at res t .  

The mola r  volume V of the region at this instant is determined by the mean p res su re  in the fluid, i.e., 
it is equal to the elast ic  or the cold volume V ( p ) p  at T = 0~ Here and in what follows, the subscr ipt  
minus is appended to the quantity for the "cold" state.  

The dependence V_(p) for  p > 0 ref lects  the contribution of all the interatomic forces ,  which, added 
together,  give the repulsive force  of the a toms.  The interact ion of all the e lementary  charges  in regions of 
higher density is essent ia l ly  collective and leads to the corresponding bonds: valent, metal l ic ,  etc. 

Another limiting case is possible when the nuclei are so far  apart  that they form an ideal gas.  

We shall attempt to descr ibe  the rea l  case ,  which is intermediate between these l imits,  by means of 
a sensible interpolation. We note f i rs t  that if V > V ( 0 )  at tractive forces  also act; exclusively for the sake 
of s implici ty we shall ignore them. Actually, for  a dense fluid (and also in the region of s t rongly  super -  
c r i t ica l  t empera tures ) ,  this neglect is completely justified. For  simplici ty we shall also ignore the exci ta-  
tion of e lec t rons ,  which can be taken into account by the usual methods.  
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We d e t e r m i n e  the " e l a s t i c "  vo lume  V0(P, T) f r o m  the  i d e n t i t y  

RT (1) 
P ~  V--go(p ,  T) 

Here  R i s  the  u n i v e r s a l  ga s  c o n s t a n t .  

In the  w e l l - k n o w n  m o d e l  of  dense  f lu id  wi th  i n c o m p r e s s i b l e  m o l e c u l e s ,  V 0 = c o n s t .  The  e l a s t i c  vo lume  
r e s t r i c t s ,  a s  i t  w e r e ,  the  r e g i o n  of m o t i o n  of the m o l e c u l e s  to  the  f r e e  v o l u m e ,  wh ich  i s  equa l  to  

V - -  Vo =~ -~- - -  V* (p, T)  

H e r e  and in what  fo l l ows ,  the  a s t e r i s k  deno te s  the  func t ions  of an idea l  g a s .  The  m o l e c u l e s  in the  
f r e e  v o l u m e  a r e  t h e m s e l v e s  r e g a r d e d  as  m a t e r i a l  po in t s .  We s h a l l  a l so  adopt  t h i s  i n t e r p r e t a t i o n  of  Eq. (1) 
fo r  the  c a s e  of c o m p r e s s i b l e  m o l e c u l e s ,  when V 0 i s  v a r i a b l e .  

C o m p r e s s i b i l i t y  of  a m o l e c u l e  i s  an i n t e r n a l  p r o p e r t y  tha t  does  not  depend  on the f a c t o r s  p r o d u c i n g  
an i n t e r n a l  p r e s s u r e  on the m o l e c u l e ,  s a y ,  the  e l a s t i c  p r e s s u r e  f r o m  the d i r e c t  c o n t a c t  wi th  i m m o b i l e  
n e i g h b o r i n g  m o l e c u l e s  o r  the  k i n e t i c  p r e s s u r e  f r o m  i m p a c t s  of  the  o t h e r  m o l e c u l e s  f r o m  a l l  s i d e s  (dense 
f lu id ,  c o l l i s i o n s  e s s e n t i a l l y  n o n b i n a r y  ! ). T h e r e f o r e ,  V 0 i s  a s s u m e d  to be a funct ion  of on ly  the  p r e s s u r e ,  
and the t e m p e r a t u r e  d e t e r m i n e s  only  the  f r a c t i o n  of  the  e l a s t i c  p a r t  in  the  g iven  p r e s s u r e .  Of c o u r s e ,  i f  a t -  
t r a c t i v e  f o r c e s  p l a y  an i m p o r t a n t  r o l e ,  V 0 b e g i n s  to depend  on the d e n s i t y  as  we l l ,  i . e . ,  u l t i m a t e l y  on the 
t e m p e r a t u r e  a l s o .  

U s u a l l y ,  one i g n o r e s  d i s c o n t i n u i t i e s  on m e l t i n g  and the s o l i d p h a s e  i s  not  d i s t i n g u i s h e d  f r o m  the 
l iqu id  when V0(p) = V_(p) .  We t h e r e f o r e  ob t a in  the  d e s i r e d  i n t e r p o l a t i o n  

v =  v_ (p) + v* (p) = v ~ ) + R r / p  (2) 

i . e . ,  the  vo lume  i s  s p l i t  into two r e g i o n s  in wh ich  the  l i m i t i n g  s t a t e s  c o n s i d e r e d  above  a r e  r e a l i z e d .  Note 
tha t  fo r  a dense  f lu id  the  v e r y  concep t  of a m o l e c u l e  i s  a r b i t r a r y  and by  i t s  d i m e n s i o n s  ( d i s c u s s e d  above) 
at  a g iven  p r e s s u r e  one m u s t  u n d e r s t a n d  the m e a n  vo lume  a s s o c i a t e d  wi th  the  " m o l e c u l e "  at T = 0 and the  
s a m e  p r e s s u r e .  

I f  T = cons t  and p ~ 0, the  f lu id  b e c o m e s  a p e r f e c t  g a s .  We d e t e r m i n e  the  t h e r m o d y n a m i c  po t en t i a l  
f r o m  th i s  b o u n d a r y  cond i t ion :  

gP (p, T) - -  ( V (p, T) dp = ~P (p) q- qb* (p, T) (3) d 

Without  c o m p l i c a t i n g  Eq.  (3), we can  a l so  a l low for  a t t r a c t i v e  f o r c e s  a p p r o x i m a t e l y  by i n t r o d u c i n g  a 

c o n s t a n t  P0, 

q~(p, r) = cP_ (p) + r (p +p0, T) (4) 

Then a c o n s t a n t  t e r m  -20 o i s  added  on the  r i g h t - h a n d  s ide  of (1). 

F r o m  (4) we ob ta in  the  a s y m p t o t i c  b e h a v i o r  a s  T ~ 0: 

g (v ,  r) = g_ (D + (i +1/20 R r  
RT dp_ (lO 

x p (V '  r ) = P - ( V ) - - p o + p _ ( V )  dV 

H e r e  E i s  the  i n t e r n a l  e n e r g y  and i i s  the  n u m b e r  of  d e g r e e s  of f r e e d o m  of  a m o l e c u l e .  F o r  a m o n o -  
t on i c  s u b s t a n c e  (i = 3) the  t h e r m a l  e n e r g y  i s  5 R T / 2  i n s t e a d  of the  u s u a l  3RT.  Th i s  d e f e c t  i s  not  v e r y  i m -  
p o r t a n t  b e c a u s e  in  g a s - d y n a m i c a l  c a l c u l a t i o n s  of a d i a b a t i c  f lows  and shock  w a v e s  one only  e m p l o y s  the  
r a t i o  

�9 ~ = (p - -  p_) v / g - -  g_ 

The d e s c r i p t i o n  of  the  s t a t e  of a s o l i d  can  be i m p r o v e d  by  c h o o s i n g  P0 f r o m  the  cond i t i on  tha t  y be 
equal  to i t s  e x p e r i m e n t a l  v a l u e  at  p_ = 0. 

We now g ive  s o m e  e x a m p l e s  tha t  c o n f i r m  the m o d e l .  
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1. The Monte Carlo  method was used to calculate the equation of state of an idealized mater ia l  for 
which the binary potential of the atoms,  which repel  one another at the distance r ,  is equal to Ar -6, where 
A = const .  The resul ts  can be well descr ibed by the one-pa ramet r i c  interpolation formula  if the pa rame te r  
a is set  equal to 0.23 in the formula .  The formula  gives the co r r ec t  l imits as T ~ 0 (cold state plus the 
contribution of harmonic  oscillations) and as T ~ (state of an ideal gas plus the second virial  correc t ion) :  

Here 

pV 7.i 3 § a: (5) 
. ~ -  R T - -  x -~-i-~- i . ,~ax(i--}- i/3.7t Vx) 

T / V ~  

and N is Avogadro 's  number .  The proposed model gives (for P0 = 07 

The two functions f(x)  are s imi lar ,  as can be seen in Fig.  1. 

2. In Fig.  2 the functions V ( p ,  T) are given for  hydrogen in the experimental ly  investigated region 
of s t rongly supercr i t iea l  s tates 0 < p < 3 kbar,  0 -< T -< 150~ (see [117. The difference in the l imiting i so -  
the rms ,  which is due to the effect of at t ract ive Van der  Waals forces ,  vanishes for p > 1.5 kbar .  The dif-  
ference between V 0 and V in the region 1.5 < p < 3 kbar  does not exceed 5%. 

3. The cold curve for  hydrogen V_ has been measured  up to 20 kbar and descr ibed by an analytic 
formula  [2]. Extrapolation of the formula  to 40 kbar  agrees  with the approximate calculations of [3]. Fo r  
a shock wave moving in liquid hydrogen with V = 14.1 cm3/g ,  calculation in accordance with the model 
with this cold curve (with P0 = 0) for p = 39.5 kbar gives V = 5.45 cm3/g ,  whereas experimental ly  [4] we 
have V = 5.2 cm3/g ,  i .e. ,  it is only 5% less .  

4. There  are  a se r ies  of shock adiabatic curves  for  ionic sal ts  of different porosi ty  m [5]. The cold 
curve  was determined f rom the shock adiabatic curve of the continuous mater ia l  (m = 1) and P0 f rom y at 
p_ = 0. In Table 1 we give the theoret ical  V(Q and experimental  V(27 values of V, and also the calculated 
t empera tu res .  The grea tes t  sys temat ic  d iscrepancies  between V(1) and V(2) (about 5-10~) agree with the 
cor rec t ions  for the excitation for e lect rons  est imated in [5]. 

The main advantage of the proposed model of a fluid over  the models in [5] and especial ly  in [4] is 
the exceptional s implic i ty  of both the calculat ions and the physical  in terpretat ion.  

In other  mate r ia l s  in the experimental ly  investigated region of s ta tes ,  Van der  Waals forces  are  
more  important  than for  hydrogen. In dynamical  experiments  with porous metals  the excitation of valence 
electrons is more  important  than for  ionic sa l ts .  In these cases ,  of course ,  the proposed equation of state 
must  be improved.  

In [6] an equation of the state in the form (1) is also assumed (specifically for  TNT) with 

V o ~  b ~ cp ~ dp 2 

However, there is no discussion of the physical justification for assuming the t empera tu re  indepen- 
dence of the coefficients b, c, and d o r  the relat ionship between V 0 and V or ,  finally, the experimental  
verif icat ion of the postulates.  

The general izat ion of the model  to the case  of a mixture cor responds  to the notion of additivity of the 
volumes of the components (see also [617 

Here c~ n is the concentrat ion of the n- th  component of the mixture .  All the c~ n are  determined f rom 
the condition of a minimum of r subject to additional normal izat ion conditions. 
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TABLE i 
/01 

LiF 

NaCl 

KCl 

m 

1.55 
2.08 
2.08 
3.00 
4.68 
t .5t4 

2.185 

1.4t 

p, Mbar 

1. 239 
0.935 
0.138 
0.655 
0.430 
0.9t5 
0.874 
0.804 
0.645 
0.568 
0.397 
0.162 
0.695 
O. 659 
0.570 
0.449 
0.424 
0.268 
0.112 
O. 158 

cm~ 

0. 275 
O. 320 
0.368 
0.379 
0.478 
0.292 
0.289 
0.302 
O. 316 
0.317 
O. 333 
O. 377 
O. 366 
O. 350 
O. 374 
0.384 
0.390 
0.397 
0.436 
0.375 

v(i)s 
cm / g  

O. 272 
0.325 
0.368 
0.403 
0.5t7 
0.298 
0.300 
D.304 
D.314 
O. 320 
0.337 
9.376 
0.380 
0.383 
0.389 
0.398 
0.400 
0.416 
O. 439 
0.374 

T) OK 

18000 
22800 
5700 

27200 
31OOO 
28600 
27300 
25000 
19300 
16500 
10700 
3700 

39400 
37200 
3i400 
246OO 
23200 
14000 
50OO 
5OO0 

f 

/ f 

0 f 2 

F ig .  1 

cm3/mole 

0 4 2 p, kb~ 

Fig .  2 

By way of an example ,  le t  us  c o n s i d e r  a m i x t u r e  of m o l e c u l a r  and a tomic  hydrogen .  The c o r r e s p o n d -  
ing cold c u r v e s  can  be t aken  for  example ,  f rom [7]. The c o n c e n t r a t i o n  (~ of a toms  is  d e t e r m i n e d  by the 

equa t ion  

t (~_)$/~** 2~ (p)-- ~m (,) 
-- 1 = 4 ~ (T) exp kT 

Here  Z (T) is  the v i b r a t i o n a l  p a r t i t i o n  func t ion  (we a s s u m e  that  the r o t a t i ons  of the m o l e c u l e s  a re  
fu l ly  exci ted) ,  g a  and #m a r e  the c h e m i c a l  po ten t i a l s  at T = 0 of the a tom and the m o l e c u l e ,  r e s p e c t i v e l y ;  

p ,  = 8.42 kba r ;  T .  = 120.7~ k is  B o l t z m a n n ' s  cons t an t .  

As p ~ 0  we obta in  the u sua l  Saha f o r m u l a s  for  an idea l  gas (d i s soc ia t ion  by the " t e m p e r a t u r e " )  and 
as T ~ 0 we obta in  the usua l  condi t ion  for  the c oe x i s t e nc e  of a tomic  and m o l e c u l a r  phases  at T = 0 (d is -  

a s s o c i a t i o n  by the " p r e s s u r e " )  : 

2~a (P) = ~t m (P) 

However ,  c o r r e c t i o n s  m u s t  be made  in the f o r m u l a s  at low t e m p e r a t u r e s  to take into account  the 
f r e e z i n g  of the ro t a t i on  of the m o l e c u l e s  and the v i b r a t i o n s  of the c e n t e r s  of m a s s  of the m o l e c u l e s  and the 

a t o m s .  

Note tha t  in  the adopted mode l  a phase  t r a n s i t i o n  of the f i r s t  k ind f r o m  the m o l e c u l a r  to the a tomic  
phase is  absen t  s ince  the c o n c e n t r a t i o n  a v a r i e s  con t inuous ly  for  T > 0. However ,  p r o n o u n c e d  n o n m o n o t o n -  
i c i ty  is  pos s ib l e  in  th is  v a r i a t i o n .  Then,  for  example ,  the pa s sa ge  of a shock wave at f a i r l y  low t e m p e r a -  
t u r e s  would r e v e a l  e f fec ts  v e r y  s i m i l a r  to a phase  t r a n s i t i o n  (in effect ,  a point  of i n f l ec t ion  of the ad iabat ic  
c u r v e ) .  Th i s  g ives  an a l t e r n a t i v e  qua l i ta t ive  exp lana t ion  of the point  of in f l ec t ion  of the shock ad iaba t ic  
cu rve  for  ionic  s a l t s  d i s c o v e r e d  in  a de f in i t e ly  l iqu id  s ta te  [5]. The componen t s  of the "phases"  a r e  h e r e  
l iqu ids  with coo rd ina t ion  n u m b e r s  as in  the c o r r e s p o n d i n g  so l id  m o d i f i c a t i o n s .  
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